Abstract. We give estimates for the essential norms of a positive Toeplitz operator on the Bergman space of a minimal bounded homogeneous domain in terms of the Berezin transform or the averaging function of the symbol. Using these estimates, we also give necessary and sufficient conditions for the positive Toeplitz operators to be compact.
Introduction
The essential norm T e of a bounded operator T is defined by T e := inf{ T − K ; K is compact}.
It is easy to see that T is compact if and only if T e = 0. Essential norm estimates for Toeplitz operators with symbol in L ∞ are considered in [13] , [2] . In the present paper, we give an estimate of the essential norms of bounded positive Toeplitz operators on the weighted Bergman space of a minimal bounded homogeneous domain in terms of the Berezin transform or the averaging function.
In 1988, Zhu [14] obtained conditions in order that a positive Toeplitz operator is bounded or compact on the weighted Bergman space of a bounded symmetric domain in its Harish-Chandra realization. He characterized the conditions by using the Carleson type measures, the averaging function, and the Berezin transform. In [11] , we consider the same problem for the Bergman space of a minimal bounded homogeneous domain. On the other hand,Čučković and Zhao [3] gave estimates for the essential norms of weighted composition operators by using the Berezin transform. We apply their methods for the case of essential norm estimates for positive Toeplitz operators on the weighted Bergman space of a minimal bounded homogeneous domain. Essential norm estimate tells us necessary and sufficient conditions for the positive Toeplitz operators to be compact. We obtain [14, Theorem A] and [11, Theorem 1.2] from the main theorem of this paper.
Let U ⊂ C d be a minimal bounded homogeneous domain with a center t ∈ U (for the definition of the mininal domain, see [7] , [9] ). For example, the unit ball, bounded symmetric domain in its Harish-Chandra realization, and representative domain of bounded homogeneous domains are minimal bounded homogeneous domains with a center 0. Moreover, the products of these domains are also minaimal domains. We fix a minimal bounded homogeneous domain U with a center t. Let dV (z) be the Lebesgue measure, O(U) the space of all holomorphic functions on U, and
It is known that there exists a constant ε min such that the weighted Bergman space 
a (U, dV α ), the Toeplitz operator T µ with symbol µ is defined by
A Toeplitz operator is called positive if its symbol is positive. Throughout this paper, we assume that µ is a positive Borel measure on U.
Since the Bergman kernel of a minimal bounded homogeneous domain satisfies a useful estimate (see [7, Theorem A] ), the boundedness of T µ on L 2 a (U, dV α ) is characterized by using the Carleson type measures, the averaging function, and the Berezin transform (the definitions of them, see section 2). We obtain the following theorem from the boundedness of the positive Bergman projection and Zhu's method (see [14] or [15] ).
Theorem A. The following conditions are all equivalent. We estimate the essential norm of the bounded positive Toeplitz operators on
where the notation ∼ means that the ratios of the two terms are bounded below and above by constants.
Since T µ is compact if and only T µ e = 0, Theorem B yields the following corollary.
Corollary C. Let µ be a finite positive Borel measure on U. Then the following conditions are all equivalent.
Corollary C is also a generalization of [14, Theorem B] or [11, Theorem 1.3] . Let us explain the organization of this paper. Section 2 is preliminaries. In 2.1, we review properties of the weighted Bergman spaces of a minimal bounded homogeneous domain. Proposition 2.2 plays an important role in the lower estimate of T µ e . In 2.2 and 2.3, we recall the definitions of Berezin symbol, averaging function, Carleson measure and vanishing Carleson measure. In 2.4, we prove the boundedness of the positive Bergman operator P + U on L 2 (U, dV α ) by using the boundedness of P + D , where D is a Siegel domain biholomorphic to U. The boundedness of P + D is given by Békollé and Kagou [1] . In section 3, we show necessary and sufficient conditions for positive Toeplitz operators on the weighted Bergman space of a minimal bounded homogeneous domain to be bounded (Theorem A). The boundedness of P + U yields an equality (Proposition 3.1). This equality means that the inner product of T µ f and g in L 2 a (U, dV α ) is equal to the inner product of f and g in L 2 a (U, dµ). In section 4, we estimate the essential norm of T µ . We use the sequence {k (α) z } z→∂U to obtain the lower estimate of T µ e . In section 4.2, we prove the upper estimate of T µ e . We consider the estimate of the operator norm of T µ (I − Q n ), where Q n is a compact operator defined from an orthonormal basis of L 2 a (U, dV α ). By Proposition 3.1, we consider the L 2 (dµ)-norm of (I − Q n )f and T µ (I − Q n )f . Then, a property of Berezin transform (Lemma 4.2) plays an important role.
Throughout the paper, C denotes a positive constant whose value may change from one occurrence to the next one.
Preliminaries

Weighted Bergman space of a minimal bounded homogeneous domain.
For a bounded domian U ⊂ C d , it is known that U is a minimal domain with a center t ∈ U if and only if
for any z ∈ U (see [6, Proposition 3.6] or [9, Theorem 3.1]). For any z ∈ U and r > 0, let
be the Bergman metric disk with center z and radius r, where
and we denote by
for some positive constant C α . For z ∈ U, we denote by k
For any Borel set E in U, we define
First, we prove the following lemma. Although the proof is same as the one for the case of other domains (see [3] , [5] ), we write it here for the sake of completeness.
a (U, dV α ) and converges to 0 uniformly on each compact sets of U.
Proof. First, we prove the only if part. Suppose {f n } converges to 0 weakly in L 2 a (U, dV α ). Then, it is known that {f n } is norm bounded in L 2 a (U, dV α ) and converges to 0 pointwise. Take any subsequence of {f n }. Then, there exists a subsubsequence of {f n } that converges to 0 uniformly on each compact sets of U by Montel's theorem. Therefore, {f n } itself converges to 0 uniformly on each compact sets of U.
Next, we prove the if part. Suppose {f n } is norm bounded and converges to 0 uniformly on each compact sets of U. Take any ε > 0. For any g ∈ L 2 a (U, dV α ), there exists a compact set K ⊂ U such that
Hence, we have
Since {f n } converges to 0 uniformly on K, there exists a N ∈ N such that the first term of (2.4) is less than or equal to g α ε for any n ≥ N. On the other hand, since {f n } is norm bounded, there exists a M > 0 such that f n α ≤ M. This together with (2.3), we see that the second term of (2.4) is less than or equal to Mε. Hence, we obtain f n , g α → 0 as n → ∞. This means that {f n } converges to 0 weakly in L 2 a (U, dV α ). In [7] , we obtain some estimates for the Bergman kernel of minimal bounded homogeneous domains. On the other hand, K (α) U satisfies (2.2). Therefore, we have the following proposition.
a } converges to 0 uniformly on each compact sets of U as a → ∂U.
Proof. First, we prove (i). Take a compact set K ⊂ U. Then, there exists a ρ > 0 such that K ⊂ B(t, ρ). By [7, Proposition 6.1], there exists a positive constant M ρ such that M −1 ρ ≤ |K U (z, w)| ≤ M ρ for any z ∈ B(t, ρ) and w ∈ U. This together with (2.2) follows from (i). Next, we prove (ii). Take a compact set K ⊂ U arbitrarily. From (i), we obtain
for all z ∈ K and a ∈ U. Since K U (a, a) → ∞ as a → ∂U (see [8, Proposition 5 .2]), we obtain (ii). We also obtain (iii) from Lemma 2.1.
2.2.
Berezin symbol and averaging function. For a Borel measure µ on U, we define a function µ on U by
which is called the Berezin symbol of the measure µ. Since |K U (z, w)| is a bounded function on B(t, r) × U by Proposition 2.2, µ is a continuous function if µ is finite. For fixed ρ > 0, we also define a function µ on U by
which is called the averaging function of the measure µ. Although the value of µ depends on the parameter ρ, we will ignore that distinction.
2.3.
Carleson measure and vanishing Carleson measure. Let µ be a positive Borel measure on U and p > 0. We say that µ is a Carleson measure for L p a (U, dV α ) if there exists a constant M > 0 such that 
for g ∈ L 2 (U, dV α ). We prove that P + U is a bounded operator on L 2 (U, dV α ). It is known that every bounded homogeneous domain is holomorphically equivalent to a homogeneous Siegel domain (see [10] ). Let Φ be a biholomorphic map from U to a Siegel domain D. We define a unitary map
Then, we have
Therefore, the boundedness of P 
Boundedness of the Toeplitz operator
In this section, we prove Theorem A. First, we prove the following proposition.
and µ is a Carleson measure, there exists a positive constant M µ such that
Note that M µ is independent of z by the definition of the Carleson measure. Therefore, we have
by (3.2) and (3.3). Moreover, the right hand side of (3.4) is equal to
, where
U is a bounded operator by Lemma 2.3, we have
the second equality of (3.6) follows from Fubini's theorem. Therefore, (3.6) is equal to 0 if g ∈ L 2 a (U, dV α ) ⊥ . In view of (3.6) for the case that g is in L 2 a (U, dV α ), we obtain (3.1).
By using Proposition 3.1, we prove Theorem A. 
From (4.2) and (4.3), we complete the proof.
4.2.
Upper estimates for the essential norm. In this section, we prove the upper estimate of the essential norm of T µ . From now on, we fix a constant ρ > 0 and consider the case r > ρ. Let U r := U\B(t, r) and dµ r (z) := χ Ur (z)dµ(z), where χ Ur is the characteristic function on U r . First, we show the following lemma.
where C is a positive constant that is independent of r.
Proof. By the definition of the averaging function and [12, Lemma 2.3], we have
By [12, Lemma 2.5], we have
for any z ∈ B(u, ρ). Therefore, the right hand side of (4.4) is less than or equal to
Here, assume w ∈ B(z, ρ) ∩ B(u, ρ) ∩ U r . Then, since d U (w, u) ≤ ρ and d U (t, w) > r, we obtain
Therefore, u ∈ B(t, r −ρ). Hence, we obtain B(z, ρ)∩B(u, ρ)∩U r = ∅ for any u ∈ U\U r−ρ . Therefore, the right hand side of (4.5) is equal to
Hence, we have µ r (z) ≤ C sup u∈U r−ρ µ(u).
Next, we denote the operators
f, e j α e j (z).
By [12, Lemma 3.1], we have
where the last inequality follows from Lemma 4.2. Therefore, we obtain (4.9). By (4.6) and (4.9), we have complete the proof.
Similarly, we have Proof. Take any n ∈ N. Since Q n is compact, T µ Q n is also compact. Therefore, we have
T µ e = T µ R n + T µ Q n e = T µ R n e ≤ T µ R n .
Since
Take n → ∞. Then, we obtain We obtain Theorem B from Theorems 4.1 and 4.4. By using Theorem B, we obtain necessary and sufficient conditions for T µ to be compact. (c) ⇐⇒ (d) . Therefore, it is enough to prove (a) ⇐⇒ (b). Assume (a) holds. Then, T µ e = 0. Since a compact operator is bounded, we obtain (b) by Theorem B. Next, assume (b) holds. Since µ is continuous, µ is a bounded function. Therefore, T µ is a bounded operator on L 2 a (U, dV α ) by Theorem A. By using Theorem B, we obtain (a).
